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GENERATING FUNCTIONS AND TRIANGULATIONS 
FOR LECTURE HALL CONES 

MATTHIAS BECK, BENJAMIN BRAUN, MATTHIAS KOPPE, CARLA D. SAVAGE, 
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Abstract. We investigate the arithmetic-geometric structure of the lecture hall cone 

L. := (agRU 

1 “1-2-3“ ~ n j 

We show that Ln is isomorphic to the cone over the lattice pyramid of a reflexive simplex whose Ehrhart 
/i*-polynomial is given by the (n — l)st Eulerian polynomial, and prove that lecture hall cones admit 
regular, flag, unimodular triangulations. After explicitly describing the Hilbert basis for Ln, we conclude 
with observations and a conjecture regarding the structure of unimodular triangulations of Ln, including 
connections between enumerative and algebraic properties of Ln and cones over unit cubes. 


1. Introduction 


For any subset K C we define the integer point transform of K to be the formal power series 

„ ^ \ _ \ ^ ^mi ^rrin 

^Ky^li • • • 1 ^n) • / ^ ‘ 

Given a pointed rational cone C := {x € K" : Ax > 0}, it is well known that ac(zi,..., Zn) is a rational 
function [3] . (Here pointed requires that C does not contain any nontrivial linear subspace of M” and rational 
requires that A have rational—or equivalently, integral—entries.) For n C Z>i, the lecture hall cone is 

( 12 3 n J 

The elements of Ln fl Z” are called lecture hall partitions, and the generating functions aL„izi, Z 2 , ■ ■ ■, Zn) 
and crL„{q, q,... ,q) have been the subject of active research [2 |4l [5l IH [Tj [T2 US] since the discovery of the 
following surprising result. 


Theorem 1.1 (Bousquet-Melou & Eriksson [4]). For n > 1, 


o'L„ (9, g, • ■ •, g) 


n 


1=1 


1 

1 - g21-i ■ 


Our focus in this note is on the arithmetic-geometric structure of the lecture hall cone, continuing our 
work in [2 . After giving the necessary background and terminology in Section [2 we prove in Section [2 that 
Ln is isomorphic to the cone over the lattice pyramid of a reflexive simplex whose Ehrhart h*-polynomial is 
given by the (n — l)st Eulerian polynomial. In Section|2we prove that the lecture hall cones admit regular, 
flag, unimodular triangulations. In Section [2 we explicitly describe the Hilbert basis for We conclude 
in Section |6] with observations and a conjecture regarding the structure of unimodular triangulations of 
including connections between enumerative and algebraic properties of and cones over unit cubes. 
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2. Background 

This section contains the necessary terminology and background literature to understand our results; it 
can safely be skipped by the experts. 


2.1. Eulerian polynomials. We recall the following descent statistic for tt S S'„: 

des (tt) := \{i : \ < i < n — 1, TVi > 7ri-|-i}| , 
which is encoded in the Eulerian polynomial 

A„{z) := ^ 

TTGSn 


An alternative definition of the Eulerian polynomial is via 




= 


t>o 


Anjz) 

(1 - z)"+i 


2.2. Lattice polytopes. A lattice polytope is the convex hull of finitely many integer vectors in K”. The 
Ehrhart polynomial of a lattice polytope P is 


i{P,t) ■■= |tPnz"| 


and the Ehrhart series of P is 1 + '^t>ii{PA) z-*' ■ Ehrhart’s theorem [S] asserts that i{P,t) is indeed a 
polynomial; equivalently, the Ehrhart series evaluates to a rational function of the form 


1 + z* 

t>l 


h*{z) 

(1 _ ^)dim(P) + l’ 


where we write h*{z) = h*{P) Z'E By a theorem of Stanley [M], the h*{P) are nonnegative integers. 

The polynomial h*{z) is called the Ehrhart h* -polynomial of P. Ehrhart polynomials and series have far- 
reaching applications in combinatorics, number theory, and beyond (see, e.g., [3] for more). 

A lattice polytope is reflexive if its polar dual is also a lattice polytope. A theorem of Hibi [10] says that 
P is a lattice translate of a reflexive polytope if and only if the vector (^(((P),..., ^dim(P) symmet¬ 

ric. Reflexive polytopes are of considerable interest in combinatorics, algebraic geometry, and theoretical 
physics [1]. 


2.3. Triangulations. A triangulation of a lattice polytope P is a collection of simplices that only meet in 
faces and whose union is P. A triangulation is unimodular if all of its maximal simplices are. (A unimodular 
simplex is the convex hull of some uq, vi, ... ,Vn S Z" such that {ui —vq, V 2 — vo,...,Vn — uq} is a lattice basis 
of Z".) A triangulation of P is regular if there is a convex function P —>■ R whose domains of linearity are 
exactly the maximal simplices in the triangulation. A triangulation is flag if, viewed as a simplicial complex, 
its minimal non-faces are pairs of vertices. (See, e.g., (5] Section 1] for more details.) 


2.4. Gradings of cones. Let C C M" be a pointed, rational n-dimensional cone. A grading of C is a vector 
a G Z" such that a ■ p > 0 for all p G C \ {0}. With such a grading a G Z", we associate its Hilbert function 

^c(^) ■= G C n Z" : a - m = t}\ . 

Since C is pointed, hf^it) < oo for all t G Z>i and thus we can define the Hilbert series 

■= 1 + 

t>i 

It is naturally connected to the integer transform of C via 

Pg(z) = ac{z^\...,z-‘^). 

For example, cri^(g,g, ...,<?) is the Hilbert series of the lecture hall cone P„ with respect to the grading 
(1,1,...,!), and the Ehrhart series of P is the Hilbert series of the cone over P, 

cone(P) := span^^ J(l,p) : p G P} , 

with respect to the grading (1,0,..., 0). 
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3. Eulerian Gradings and Reflexive Simplices 
The lecture hall polytope was defined in |13| as 

Pji != £ Ln • A72 ^ n} . 

From [3 Corollary 2] we know that fl Z"| = (< + !)", which means that the Ehrhart series of Pn is 
St>o(^ + l)"z*; so the Eulerian polynomial An{z) is the /i*-polynomial of Pn- 

We are interested in associating a reflexive polytope with the lecture hall cone The coefficients of an 
Eulerian polynomial are symmetric. Note, however that has dimension n whereas An has degree u — 1, 
and so Pn is not reflexive. On the other hand, Savage and Schuster m Corollary 2(b) & Lemma 1] proved 
that 

[2^1 Aniz) 

^ “ (1-z)" ’ 

which is almost a Hilbert series (the exponent vector on the left-hand side does not correspond to a grading). 
Instead we consider the grading (0,..., 0, —1,1), which defines deg(A) := An—A„_i for A = (Ai,..., An) S Ln- 



Theorem 3.1. For all n > 1, 


^,z) 


E 


2deg(A) 


AeinGZ" 


An-l{z) 

(1 - z)” 


Proof. For X £ Ln and t > 0, we have deg(A) = t if and only if (Ai,..., A„_i) £ tPn 0 Z" because if A is 
a lecture hall partition, then An — An-i = t is equivalent to 


which, in turn, is equivalent to 


An —1 ^ An 
n — 1 ~ n 


An-l + t 
n 


An —1 
n — 1 


< t. 


Thus, 


E 

AGL„nZ" 


2;<ieg(A) 


^l(Pn-l,i) Z* 

t>0 


An-l{z) 
(1 - z)” 


□ 


Theorem 13.II savs that An-i{z) is the /i*-polynomial of the (n 


l)-dimensional simplex 


Qn ■= conv 


In n 

0 n — 1 n — 1 

0 0 n-2 


n 

n — 1 
n — 2 


00 0 ••• 1 


(representing vectors as columns), since the columns of the matrix above are the minimal ray generators for 
Ln- Thus Qn is the intersection of Ln with the hyperplane An — An-i = 1. We will establish two geometric 
properties of Qn- 

Throughout the remainder of this note we represent a lecture hall partition A as either the row vector 
(Ai,..., A„) or as a column vector 
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Figure 1. is a union of two pyramids over i?„_i 


Applying to Qn the unimodular transformation that takes consecutive row differences produces the poly¬ 
tope 


Rn := conv 


1 1 1 

0 n- 1 1 

0 0 n-2 


1 

1 

1 


00 0 ••• 1 


Note that R„ is an (n — l)-dimensional simplex embedded at height 1 in R". The unimodular transformation 
above shows that is unimodularly equivalent to cone(i?„)—this means that cone(i?„) is the image of 
under some mapping in SL„(Z)— and hence we can freely use either presentation of this cone with respect 
to lattice-point enumeration. 

Among the vertices for i?„, the right-most column in the defining matrix is the apex of a height-1 lattice 
pyramid over the convex hull of the remaining n — 1 columns, which we denote by i?„. Theorem 13.II can be 
used to show that satisfies the following condition. 


Theorem 3.2. The polytope Rn is translation equivalent to a reflexive polytope. 


Proof. Theorem 13.11 implies that the /i*-vector of is given by An-i{z). It is not hard to see that for a 
height-1 lattice pyramid over a polytope P, the /i*-polynomial of the pyramid is the same as that of P [3]. 
By the afore-mentioned theorem of Hibi, since A„_i(z) has symmetric coefficients and is of degree n — 2, 
and Rn is a lattice pyramid over the {n — 2)-dimensional polytope P„, the result follows. □ 


4. Triangulating the Lecture Hall Cone 

In this section we prove that the polytopes P„ admit regular, flag, unimodular triangulations. We can 
represent P„ as the convex hull of 


■ 1 

1 

1 ■ 


■ 1 ■ 


1 

1 

1 

1 


0 


n — 1 

0 

n — 2 

1 

5 

0 

, and 

0 

_ 0 

0 

1 


_ 0 _ 


0 


Thus, we see that the intersection of P„ with the hyperplane Xn-i = 1, which arises as the convex hull of 
the matrix on the left above, is a sub-polytope of P„ that is an embedded copy of Rn-i- Thus, Rn is a 
union of two pyramids, with different heights, over P„_i, see Figure [T] 

Given a lattice polytope S C K”, consider two integral linear functionals 1 and u, where 1 and u have 
integer coefficients, such that 1 < u on S'. Define the chimney polytope 

Chim(S, 1, u) := {{x, y) G x R : x € S, l{x) < y < u(a;)} . 

Theorem 4.1 (Haase, Paffenholz, Piechnik, Santos [^). If S admits a regular, flag, unimodular triangula¬ 
tion, then so does Chim(S, 1, u). 

Theorem 4.2. For all n > 1, the polytope Rn admits a regular, flag, unimodular triangulation. 
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Figure 2. The triangulation of the chimney polytope restricts to a regular, flag, unimodular 
triangulation of the face defined by 1. Taking a unimodular lattice pyramid over this face 
extends this triangulation to all of i?„. 


Remark 4.3. In the following proof, we consider the chimney construction where S is embedded at height 
1 in R X rather than at height zero in R^^ x R. It is straightforward to observe that these constructions 
are equivalent. 

Proof. Let 1 denote the constant function with value 1. We first observe that is the union of 

( n-2 

Rn— 1 ; I 5 (n* l)'^n —1 ^ ^ 

i=l 

with the height -1 lattice pyramid formed from the convex hull of ( 0 ,..., 0 , 1) and the face of the chimney 
polytope above obtained from the lower linear functional 1. To see this, recall from our previous discussion 
that Rn-i arises as the (A„_i = l)-slice of in R”. The above chimney polytope is the convex hull of the 
embedded copy of Rn-i and the height-(n — 1 ) pyramid point, as is verified by observing that the upper 
linear functional on Rn-i agrees with the An,_i-value of the vertices of with (n — l)st coordinate strictly 
greater than 0. That the remainder of Rn is contained, as claimed, in the height-1 lattice pyramid is clear 
from our description of i?„ relative to the embedded copy of Rn-i- See Figure [H 

Second, we use the fact that i?i is a unit lattice segment as a base for induction to establish the theorem. 
Assuming that Rn-i admits a regular, flag, unimodular triangulation. Theorem 14.11 implies the same for 
Chim(i?„_i, 1, (n — l)A„_i — ^i)- This triangulation restricts to a regular, flag, unimodular triangu¬ 

lation of the face defined by the lower linear functional 1 , and taking a unimodular lattice pyramid over this 
face extends this triangulation to all of i?„. □ 


5. Hilbert Bases 

Given a pointed rational cone C C R", the integer points C fl Z" form a semigroup. It is known that 
such a semigroup has a unique minimal generating set called the Hilbert basis of C (see, e.g., m)- In this 
section we show that the cone has an interesting Hilbert basis. 

For an element 

A = {ii <i2 < ■■■ <ik} e 2["-h ^ 

i.e., a subset AC [n — 1] := {1, 2,..., n — 1}, we associate with A the vector va C Z" defined by 

VA ■■= (0,0,...,0,^l,^2,•■•,4,^/c + l)■ 

Theorem 5.1. The Hilbert basis for Ln is 

Hn ■■= {va: Ae2[”-h|. 

Remark 5.2. There is a standard bijection between subsets of n — 1 and compositions (i.e., ordered parti¬ 
tions) of n given by sending {ii < 12 < • • • < ik} to (n — ik) + {ik — *fc-i) + • • ■ + (*2 — *i)- This is precisely 
the unimodular transformation used to convert between L„ and cone(i?„) in the previous section. 
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Proof. We first show that contains all degree-1 elements in with respect to the grading A„ — A„_i = 1. 

Let A be a degree-1 element in Ln- Since A G 

-n A„_i-I-(n - l)An > 0, 

and substituting An — 1 = An-i gives 

-n (An - 1)-I-(n - l)An > 0, 

from which it follows that 

n > An . 

But Hn contains all lecture hall partitions satisfying this condition, hence A G 'Hn- It is immediate that, 
since every va has degree 1, no is a nonnegative integer combination of other elements in Hn- Hence, our 
Hilbert basis must contain Hn- 

There are two ways in which to finish the proof of the theorem. In the first method, we argue, using the 
unimodular triangulation of Theorem 14.21 that Ln H Z” is generated in degree 1, and then use Theorem 13.II 
to conclude that there are 2"“^ lattice points of degree 1. Since we have identified 2”“^ such points, these 
must constitute all of Hn- 

We will provide here a second method for establishing this result, which we feel is independently interesting, 
as it explicitly relies on the number-theoretic structure of Ln- We show by induction on the degree that all 
elements in are nonnegative integer combinations of elements of Hn, which will complete our proof. We 
have just shown that degree 1 elements of Ln are in H„. Let a € Ln have degree t>l. Let j be the largest 
index such that Oj < j. Then a = b + c where 

b= + l,...,n) 

and 

c = ( 0 , 0 ,.. .,0,aj+i - {j + l),aj +2 - (j -f 2 ),..., a„ - n). 

Then b G Hn and c has degree t — 1. It remains to show c G L„. As a G Ln, we have for 1 < i < n 

(i — l)ai — i Ui-i > 0 . 

It follows that c G Ln, since for all i> j, 

{i - l){ai - i) - i{ai-i - (i - 1)) = {i - l)ai - ioi-i >0. □ 

6. Triangulations and Unit Cubes 

In this section we briefly discuss consequences of the existence of regular, flag, unimodular triangulations 
of Qn- It is known |14] that for a lattice polytope P with a unimodular triangulation, the triangulation has 
h*(H) maximal unimodular simplices. Hence, Theorem 13.II implies that any unimodular triangula¬ 
tion of Qn has (n — 1 )! maximal unimodular simplices. 

There is another well-known polytope having h*-polynomial given by An-i{z) and admitting regular, 
flag, unimodular triangulations, namely the cube [0,1]"“^. An interesting connection between L„ and 
cone([ 0 ,1]"“’^) is that the integer points in both of them are generated over Z>o by degree -1 elements in 
bijection with subsets of [n — 1]. Namely, we can encode each subset 

A = {ii < 12 < ■ • ■ < ik} C [n — 1] 

as a vector in Z" in two ways. First, let (l,m'^) := (l,mf, ... ,mn-i) be defined by mf = 1 if z G A, and 
mf = 0 otherwise. Second, let va G Z" be defined as before. Informally, for (l,m'^) we encode A by a 
characteristic vector, while for va we encode A directly by placing the elements of A in increasing order, 
making the last entry one more than max(A), and padding the left-most entries with zeros as needed. Note 
that, by definition, G cone([0,1]"“^) and va G Ln each have degree 1 in their respective gradings. 

Thus, both Ln and cone([0,1]"“^) can be viewed as cones generated by the subsets of [n — 1]. While their 
geometric and arithmetic structure appear quite different, our results and Coniecture lB.ll below indicate that 
these cones share surprising properties. 

An important regular, flag, unimodular triangulation of [0,1]"“^ is obtained by intersecting [0,1]"“^ with 
the real braid arrangement, i.e., the set of hyperplanes defined by Xj = xj for all z 7 ^ j between 1 and n — 1 . 
Recall that a Sperner 2-pair of [n — 1] is a pair of subsets A, B C [n — 1] such that neither A nor B is 
contained in each other. One important property of the braid triangulation of [0,1]"“^ is that the number 
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of minimal non-edges equals the number of Sperner 2-pairs of {n — 1]. (All of these properties are most 
easily seen by observing that [0,1]"“^ is the order polytope [15] for an (n — l)-element antichain, hence the 
maximal unimodular simplices in this triangulation correspond to linear extensions of the antichain, i.e., 
chains in the Boolean algebra 

Based on experimental evidence for n < 7, and the established connections between and cone([0,1]"“^), 
the following conjecture seems plausible. 

Conjecture 6.1. There exists a regular, flag, unimodular triangulation of Rn that admits a shelling order 
such that the maximal simpliees of the triangulation are indexed by tt £ Sn-i and eaeh such simplex is 
attached along deslir) many of its facets. Further, the number of minimal non-edges in the triangulation is 
the number of Sperner 2-pairs of [n — 1]. 

Conjecture 16.11 has thus far proven to be a real challenge. One might hope that a “deformed” version of 
the braid triangulation for [0,1]"“^ could be imposed on i?„, though so far such a triangulation has proven 
to be elusive. 

The second part of Conjecture 16.11 can be reformulated in the language of toric algebra using Sturmfels’ 
correspondence between regular, flag, unimodular triangulations and quadratic, squarefree Grobner bases for 
toric ideals Letting denote the toric ideal defining the semigroup algebra C[L„nZ"'], Theorem l4.2l 

implies that there exists a term order for which has a quadratic, squarefree Grobner basis. The second part 
of Conjecture 16.11 is equivalent to the statement that there exists a reduced Grobner basis for containing 
the same number of elements as Sperner 2-pairs of [n — 1]. When considering randomly tested term orders, 
with surprising frequency we have observed squarefree quadratic initial ideals with the desired number of 
Grobner basis elements. 
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